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Previously published results from path integral theory for the horizontal coherence length utilized
an empirical relation for the phase structure function density that was quite different from path inte-
gral results obtained for depth and time coherence where the phase structure function density was
expanded to second order in the lag. This letter presents a result for horizontal coherence length
which carries out the quadratic expansion and analytically solves the integral equations. Some sim-
ple calculations of horizontal coherence length demonstrate the differences between the present and
old expressions. In contrast to the empirical result the present expression shows the expected one
over square-root range and one over frequency scalings. The results also show more clearly how
transverse coherence is sensitive to the space-time scales of internal waves and other environmental
parameters. [http://dx.doi.org/10.1121/1.4818778]
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I. INTRODUCTION
Path integral theory for sound transmission through an
ocean with random sound speed perturbations was developed
by Dashen and Flatte in the late 1970s and 1980s (Flatte
et al., 1979; Flatte, 1983; Flatte et al., 1987; and Dashen
et al., 1985), and several acoustic observables were treated
including pulse time spread, wander, and travel time bias, in-
tensity moments, and coherence (Flatte and Stoughton,
1988). With regards to coherence, simple expressions were
obtained for depth, time, and frequency separations but not
horizontal separations. In the case of horizontal separations
an empirical result was put forward (Flatte and Stoughton,
1988) and this empirical relation has been used extensively
to interpret numerical simulations (Vera, 2007) and observa-
tions (Andrew et al., 2005; Carey, 1998). Interestingly the
empirical relation seems to agree with observations of 75 Hz
transmissions at basin-scale ranges (Andrew et al., 2005),
but it does not agree with Monte Carlo numerical simula-
tions at 250 and 75 Hz at similar basin scale ranges (Vera,
2007). It is the purpose of this letter to present a new analyti-
cal result for horizontal coherence that is consistent theoreti-
cally with the depth and time coherence estimates, and to
contrast the new result with the empirical result. These new
results, which are more accurate, demonstrate the sensitivity
of transverse coherence to internal wave and environmental
parameters and they may shed some light on the aforemen-
tioned ambiguous results found in the literature.
II. RESULTS
By path integral methods the coherence function for
observations separated in space (x1 and x2), and time (t1 and
t1) was predicted to be of the form (Dashen et al., 1985)




where D(1, 2) is the phase structure function. For separations
transverse to the acoustical path the structure function is
written
Dð1; 2Þ ¼ 2k20
ð
C
dshl2iðzÞLpðh; sÞf1  cosðkyDy0Þg:
(2)
Here k0¼x/c0 is a typical acoustic wavenumber, C is an
acoustic ray path, the fractional sound speed variance is
hl2iðzÞ, and the correlation length of the internal waves in
the direction of the ray is Lp (h,s). As per Esswein and Flatte
(1981), the curly brackets represent averages over the inter-
nal wave spectrum for the waves that are locally perpendicu-
lar to the acoustic ray path and Dy0 ¼ dy(x/R) is the range
dependent separation between the ray C and a nearby ray
with separation dy at the receiver range R. The transverse
component of the internal-wave wavenumbers that are per-
pendicular to the ray with slope hr is ky¼ (pj/N0B)(r2 r2L)1/2
where j and r are the internal wave mode number and fre-
quency, f is the Coriolis frequency, rL¼ (f 2þN(z)2 tan2hr)1/2
is the cutoff frequency, and N(z) is the buoyancy frequency
profile. The parameter N0B ¼
ÐD
0
NðzÞdz with D being the
water depth.
In Flatte and Stoughton (1988) expressions for temporal
and depth coherence were obtained by expanding the struc-
ture function to quadratic order in the separation. Doing the
same here for Eq. (2), the transverse coherence length, y0
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, h ji ¼ RJj¼1jHðjÞ, where
H( j) is the normalized internal wave mode number spectrum,
J is the maximum mode number, and Mr is given by Eq.
(37) in Esswein and Flatte (1981). Equations (3) and (4) rep-
resent the new results of this letter. It should be noted that
the new coherence length y0 depends on the mode quantity
h ji. If one uses the GM mode spectrum (H( j) / 1/(j2þ j2)),
and lets J!1, then h ji is singular; this is one possible rea-
son why the quadratic expansion result has never been pub-
lished. Of course it is well known that the ocean internal
wave field has an inner scale in the vertical with a value
of approximately 10 -m (Munk, 1981; Gregg, 1977), and
this imposes a maximum mode number J. A simple method
to compute J utilizes the Wentzel-Kramers-Brillouin vertical
wavenumber kz ¼pjN(z)/N0B and gives J¼N0B/(5 N), where
N is the average over the water column. This value of J
should be used when computing averages over the spectrum
in the path-integral theory.
These new results can be compared to the Flatte and
Stoughton (1988) empirical result given by





where yh¼Lhf/rL is an empirical factor with Lh¼ 12 km. At
small separations (i.e., Dy0  yh) evaluation of Eq. (5) gives











A. Contrast between the two results
Equations (3) and (6) are really quite different. First the
empirical result gives an R2/3 range scaling for y^0, whereas
y0 scales as R
1/2. The inverse square-root scaling for y0 is in
fact the same as the scaling for the other path integral derived
coherences, namely, those for depth and time separations.
There is no compelling evidence to suggest that transverse
coherence should behave differently from the depth and time
coherences, and there is significant theoretical evidence that
all three of these coherences should scale very nearly as R1/2
(Voronovich and Ostashev, 2009; Voronovich et al., 2011;
Colosi et al., 2013). In addition observational results show
that time coherence does indeed scale very closely as one
over the square-root of range (Yang, 2008).
Next it is seen that y0 scales as x
1, while y^0 scales
as x4/3. Again the x1 scaling is consistent with path
integral depth and time coherence estimates, and this scaling
yields an expected root-mean-square horizontal angle devia-
tion of hh¼ (k0y0)1. Evidence based on transport theory
(Colosi et al., 2013) and observations (Carey, 1998) suggest
that horizontal coherence should scale very nearly as one
over frequency.
Regarding sensitivity to the internal wave field, it is
seen that the empirical form given in Eq. (5) has no depend-
ence on internal wave mode number j, and thus Eq. (6) lacks
the dependence on h ji, seen in Eq. (4). This dependence is
important because it shows that transverse coherence is
strongly influenced by larger internal-wave mode numbers.
By contrast the coherence time is proportional to hj1i and
thus is strongly influenced by the lowest internal wave
modes. This relationship to jH( j) was also found in recent
mode based transport theory results for transverse coherence
(Colosi et al., 2013).
Last there is the dependence on the Coriolis parameter f,
and the stratification N(z). Disregarding the dependence on f
and N(z) inherent in Lp it is seen that y0 has an additional
inverse dependence on f, while the empirical result has no
such dependence. Furthermore y0 is seen to depend linearly
on N0B, while again the empirical result is independent of
this important stratification parameter.
B. Axial ray example
To gain some additional insight into the differences
between the two results, coherence estimates for a straight





















k20hl2iLpR L3=2h : (8)
Using values of hl2i¼ 2.5 109, and N¼ 2 cph (typical
deep sound channel values), Lp¼ 12 km, N0B¼ 8.73 rad m/s,
f¼ 1/24 cph, h ji¼ 11 (J¼ 500), a frequency of 250 Hz,
and a range of 100 km it is found that y0¼ 4.2 km and y^0
¼ 6.3 km. Thus while the empirical result is the correct order
of magnitude it is different from the more accurate value by
nearly 50%. Note that because of the different range and fre-
quency scalings in Eqs. (7) and (8) the discrepancy between
the two values will be expected to increase for shorter ranges
and lower frequency. At longer range and higher frequency
the values will eventually become equal and then diverge
with further increase in range and/or frequency. It should
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also be noted that the quadratic expansion is expected to be
accurate as long as {k2y} y
2
0  1: In this example {k2y}¼ 5.06
 108 which easily satisfies the criterion.
III. CONCLUSIONS
A new result for the transverse horizontal coherence
length from path integral theory has been obtained which is
theoretically consistent with the previously published path
integral derived coherence scales for depth and temporal
separations. The new relation should be much more accurate
than the previous empirical relation, and it has the correct
scaling relations for range and frequency. The new result
also offers important insight into the internal wave and envi-
ronmental parameters which are most important for affecting
transverse coherence.
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